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We show that the effects of decoherence on quantum steering ellipsoids can be controlled by a
specific reservoir manipulating, in both Markovian and non-Markovian realms. Therefore, the so-
called maximal steered coherence could be protected through reservoir engineering implemented by
coupling auxiliary qubits to the reservoir.
I. INTRODUCTION
Quantum steering was first introduced by Schro¨dinger
in 1935 for analyzing the Einstein-Podolsky-Rosen
(EPR) paradox [1, 2]. This phenomenon, has attracted a
remarkable renewed attention, due to its fundamental im-
plications from a quantum information perspective and
its significant role in quantum resources for information
processors [3–5].
Quantum steering ellipsoids (QSEs), defined as the
whole set of Bloch vectors to which Bob’s qubit can
be steered by all possible positive-operator valued mea-
surements (POVMs) on Alice’s qubit, was introduced by
Jevtic, et. al., [6] providing a faithful geometric represen-
tation of two-qubit states steering. In the same direction,
the necessary and sufficient conditions for an ellipsoid to
represent a two-qubit state were also derived [7]. Since
QSE offers a useful visualization tool concerning quan-
tum resources, it has gained increased attention from
quantum information viewpoints [6–14]. The notion of
QSE provides the tools to introduce the maximal steered
coherence (MSC) as a measure determining the extent
to which we can remotely create coherence via steering
[15]. Considering the central importance of quantum co-
herence in various scenarios, spanning from the energy
transport in biological systems [16, 17] to quantum ther-
modynamics [18, 19], the connection between quantum
steering and coherence reveals an important role of steer-
ing in quantum information processing. It is remarkable
that, the interplay among coherence, which-path infor-
mation and entanglement were recently investigated in
the geometry of steriographic projection framework [20].
Any realistic quantum system unavoidably interacts
with its surrounding environment which may enforce
deleterious effects on the coherence of the system. There-
fore, finding strategies to protect quantum coherence
from unwanted interactions is a crucial task for the de-
velopment of quantum-based technologies. In this re-
gard, several strategies such as decoherence-free sub-
spaces [21, 22], quantum Zeno effect [23, 24] and weak
measurement and quantum measurement reversal proto-
cols have been proposed to control decoherence [25, 26].
These strategies are relatively difficult as they mainly
rely on operations on the main system. To circumvent
this challenge, alternative schemes based on reservoir en-
gineering has been developed. A remarkable example of
such strategies could be adding some auxiliary subsys-
tems into reservoir [27–29].
In this work, we show that the dynamics of QSE could
be protected by reservoir engineering leading to the pro-
tection of MSC through adding extra identical qubits to
the reservoir. To demonstrate this, we consider a bipar-
tite quantum system composed of two qubits possessed
by Alice and Bob. We assume that Alice’s qubit does
not interact with any external system, while Bob’s qubit
undergoes decoherence. We observe that MSC could be
protected against decoherence by engineering reservoir
through adding auxiliary qubits into the reservoir.
II. QSE OF A TWO-QUBIT STATE
We start with a brief review of QSE and MSC. To this
aim, we consider the general form of the two-qubit state
ρAB , depicted in the Pauli basis
ρAB =
1
4
[
I ⊗ I + a.σ ⊗ I + I ⊗ b.σ +
3∑
m,n=1
Tnmσn ⊗ σm
]
,
(1)
where I is the identity operator, and σjs, with j = 1, 2, 3,
are the three Pauli matrices. σ is the vector composed
of these Pauli matrices. Also, a = tr(ρABσ⊗ I) and b =
tr(ρABI ⊗ σ) are the local Bloch vectors. The bipartite
correlations are determined by the matrix elements [30]
Tnm = tr(ρABσn ⊗ σm). (2)
If we perform a local measurement on Bob’s qubit, Al-
ice’s state becomes steered. Hence, considering all possi-
ble local measurements by Bob, Alice’s steering ellipsoid
εA is centered at [6]
CA =
a− Tb
1− b2 . (3)
Thus, the ellipsoid matrix is given by
QA =
(T − abT )
1− b2 (1 +
bbT
1− b2 )(T
T − baT ), (4)
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2where the eigenvalues of QA are the squares of the ellip-
soid semiaxes si and its eigenvectors provide the orienta-
tion of these axes.
Alternatively, when Bob is steered by Alice’s local mea-
surements, we can obtain Bob’s steering ellipsoid εB by
exchanging A and B. Thus, his QSE (εB) is centred at
CB =
b− TTa
1− a2 , (5)
and his ellipsoid matrix is
QB =
(TT − baT )
1− a2 (1 +
aaT
1− a2 )(T − ab
T ). (6)
Now, we investigate the set of so-called canonical
states, which have particular importance in the steering
ellipsoid formalism [6, 7]. This canonical state, ρ˜AB , cor-
responds to a two-qubit state in which Alice’s marginal
is maximally mixed. We perform the stochastic local op-
erations and classical communication (SLOCC) operator
on qubit A which transforms ρAB to a canonical state
ρAB −→ ρ˜AB =
( 1√
2ρA
⊗ I)ρ( 1√
2ρA
⊗ I)†
=
1
4
(
I ⊗ I + I ⊗ b˜.σ +
3∑
m,n=1
T˜nmσ ⊗ σ
)
. (7)
Since SLOCC operations on Alice do not affect Bob’s
steering ellipsoid, the same εB can describe the charac-
teristics of both ρAB and the canonical state ρ˜AB .
Now, let us consider a bipartite quantum state ρAB ,
such that the eigenstates of the reduced density ma-
trix ρB are denoted as Ξ = {|χi〉}. When we perform
a positive operator-valued measure (POVM) on Alice
and obtain an outcome M , Bob’s state is steered to
ρMB := trA(M ⊗ Iρ)/pM with pM := tr(M ⊗ Iρ), where I
represents the single qubit identity operator. The quan-
tum coherence of the steered states ρMB , as the summa-
tion of the absolute values of off-diagonal elements in the
basis {|χi〉}, gives [31]
C(ρMB , |χi〉) =
1
pM
∑
i 6=j
|〈χi|trA(M ⊗ Iρ)|χj〉|. (8)
By considering all possible POVM operators on Alice,
the set of all ρMB provides εB . Maximizing the coherence
C(ρMB , |χi〉) over all possible POVM operators M gives
MSC as [15]
MSC(ρMB ) := max
M∈POVM
 1
pM
∑
i 6=j
|〈χi|trA(M ⊗ Iρ)|χj〉|
 .
(9)
If ρMB is degenerate, Ξ is not uniquely defined; however,
MSC is defined over all possible POVM operators and
taking infimum over all possible reference basis Ξ as [15]
MSC(ρMB ) :=
inf
Ξ
 maxM∈POVM
 1
pM
∑
i 6=j
|〈χi|trA(M ⊗ Iρ)|χj〉|
 .
(10)
According to Ref. [15], MSC is the maximal perpen-
dicular distance between a point on the surface of εB and
the reference basis. Specifically, when the input state is
an X-state and reference basis lies along an axis of εB , it
was found that MSC is the length of the longest of the
other two semiaxes. However, when the reference basis
does not lies along the axis of εB , the MSC can be simply
expressed by the length of the longest semiaxes of Bob’s
steering ellipsoid.
III. DYNAMICS OF N TWO-LEVEL SYSTEMS
IN A COMMON RESERVOIR
We investigate a system of N identical qubits (two-
level atoms) immersed in a common zero-temperature
reservoir that have no direct interactions with each other.
The Hamiltonian of the whole system can be written as
(~ = 1)
H =
N∑
j=1
Ω0σ
+
j σ
−
j +
∑
k
ωkb
†
kbk
+
N∑
j=1
∑
k
(
gjkσ
+
j bk + g
j
k
∗
σ−j b
†
k
)
. (11)
Here, σ−j = (σ
+
j )
† ≡ |0〉〈j| (j = 1, 2, ..., N) is the low-
ering operator, having the transition frequency Ω0 be-
tween the excited state of jth atom and the ground state
|0〉 ≡ |0〉⊗N , where |j〉 ≡ |000...1j ...0〉 is the typical stan-
dard basis state for the N -fold single excitation subspace.
Also, ak (a
†
k) is the annihilation (creation) operator of
the kth field mode with frequency ωk. g
j
k is the coupling
strength between the kth field mode and the jth atom.
Now, let us assume gjk =
1√
N
Gk, for j = 1, 2, ..., N and
define alternative set of basis as
|ϕl〉 = 1√
N
N−1∑
m=0
exp(
2ipiml
N
)|m+ 1〉, (12)
for l = 0, 1, ..., N − 1. Then, we can express the total
Hamiltonian in Eq. (1) as
H =
N−1∑
j=0
Ω0|ϕj〉〈ϕj |+
∑
k
ωkb
†
kbk
+
∑
k
(
Gk|ϕ0〉〈0|bk +G∗k|0〉〈ϕ0|b†k
)
. (13)
3This Hamiltonian suggests that the interaction between
the system and the reservoir is restricted only to the
two-dimensional subspace of the eigenstate |ϕ0〉 and the
ground state, i.e., {|0〉, |ϕ0〉}. Therefore, the other N − 1
eigenstates {|ϕ1〉, |ϕ2〉, ..., |ϕN−1〉} remain uncoupled to
the reservoir, forming a decoherence-free subspace. In
other words, the total Hamiltonian given by Eq. (13),
consists of the noisy subspace, corresponding to the in-
teraction of the qubits with the reservoir, and the (N−1)-
dimensional free subspace.
Having Eq. (13) in hand, we consider the dynamics
of a system of N two-level atoms, where the system is
initially (at time t = 0) described by the state
|ψ(0)〉 = c0(0)|0〉S |0〉E +
N−1∑
j=0
Cj(0)|ϕj〉S |0〉E . (14)
Since the Hamiltonian conserves the number of excita-
tions in the whole system, the time-evolved state |ψ(t)〉
can be found as
|ψ(t)〉 =c0(t)|0〉S |0〉E +
N−1∑
j=0
Cj(t)|ϕj〉S |0〉E
+
∑
k
Dk(t)|0〉S |1k〉E , (15)
where |1k〉E denotes the state of the reservoir with only
one excitation in the kth mode. By using Schro¨dinger
equation
i
d
dt
|ψ(t)〉 = H|ψ(t)〉, (16)
the time-dependent coefficients C˜j(t) and D˜k(t) are de-
termined through
dC0(t)
dt
= −iΩ0C0(t)− i
∑
k
GkDk(t),
dDk(t)
dt
= −iωkDk(t)− iG∗kC0(t).
(17)
And the remaining coefficients are governed by
dCj(t)
dt =−iΩ0Cj , for j = 1, 2, ..., N − 1. Also, it should be noted
that the fact H|0〉S |0〉E = 0, dictates c0(t) = c0(0). Also,
introducing the new set of coefficients C˜j(t) = e
iΩ0tCj(t)
and D˜k(t) = e
iωktDk(t) results in
dC˜0(t)
dt
= −i
∑
k
Gke
i(Ω0−ωk)tD˜k(t),
dD˜k(t)
dt
= −iG∗ke−i(Ω0−ωk)tC˜0(t),
(18)
where C˜j(t) = C˜j(0), for j = 1, 2, ..., N − 1. Thus, these
coefficients are time-independent. Integrating the second
relation of Eq. (18) and substituting it into the first one
provides a closed form integro-differential equation for
C˜0(t) as
dC˜0(t)
dt
= −
∫ t
0
f(t− t′)C˜0(t′)dt′. (19)
In this equation, the correlation function f(t− t′) can be
expressed as
f(t− t′) =
∫ ∞
−∞
dωJ(ω)ei(Ω0−ω)(t−t
′), (20)
where
J(ω) =
∑
k
|Gk|2δ(ω − ωk)
=N
∑
k
|gk|2δ(ω − ωk) = NJ(ω), (21)
is the spectral density of reservoir. Eq. (19) can be
solved using Laplace transformation after specifying the
spectral density.
In our analyses, we take the Lorentzian spectral distri-
bution with the structure function as
J(ω) =
1
2pi
γ0λ
(ω − Ω0)2 + λ2 , (22)
where λ is the spectral width, γ0 is the coupling strength,
and Ω0 is the central frequency of the reservoir. Using
Laplace transformation and its inverse, the exact solution
of the probability amplitudes C0(t) can be obtained as
C˜0(t) = e
−λt/2
(
cosh(
Dt
2
) +
λ
D
sinh(
Dt
2
)
)
C˜0(0), (23)
where D =
√
λ2 − 2Nγ0λ. Now, we return to the old
basis {|j〉} and find |ψ(t)〉 in Eq. (15) as
|ψ(t)〉 =c0(t)|0〉S |0〉E +
N−1∑
j=0
χj(t)|j + 1〉S |0〉E
+
∑
k
Dk(t)|0〉S |1k〉E , (24)
where
χj(t) =
1√
N
N−1∑
m=0
exp(
2ipimj
N
)Cm(t) (25)
is the probability amplitude for the excitation of the (j+
1)th atom.
IV. QSE AND MSC PROTECTION
Now, we are going to demonstrate the effects of de-
coherence on QSE and MSE, and show how auxiliary
qubits can aid in system protection. To this end, we
assume two qubits (two-level atoms) belonging to Al-
ice (A) and Bob (B), where Alice’s atom has no direct
4FIG. 1. Schematic of the system: the bipartite state ρAB(0) is
shared by Alice and Bob. Bob’s party undergoes decoherence
by interacting with its local environment. Once performing a
local measurement by Alice, Bob’s state gets steered. Adding
auxiliary qubits protects Bob’s MCS.
interaction with the reservoir but Bob’s atom interacts
with its local environment (see Fig. 1). We further
allow some auxiliary atoms to interact with this com-
mon reservoir, as considered in the previous section. Ac-
cordingly, we assume the first atom (j=1) to be Bob’s
system and the remaining atoms to be the auxiliary
qubits. We assume all the auxiliary atoms to be ini-
tially in their ground states, and only Bob’s qubit could
be excited. Then, by considering the initial probability
amplitudes χ1(0) = χ2(0) = χN−1(0) = 0, the time-
evolved probability amplitude χ0(t) can be derived as
χ0(t) = G(t)χ0(0), where
G(t) = e−iΩ0t
[
N − 1
N
+
e−λt/2
N
(
cosh(
Dt
2
) +
λ
D
sinh(
Dt
2
)
)]
.
(26)
One can express the dynamics of the Bob’s system in the
operator-sum representation as
ρBob(t) =
1∑
i=0
Ki(t)ρBob(0)Ki(t)†, (27)
where the corresponding Kraus operators Ki(t) can be
written as
K0(t) =
 1 0
0
√
p(t)
 , K1(t) =
 0 √1− p(t)
0 0
 ,
(28)
with
∑1
i=0K†i (t)Ki(t) = I, for all values of t. For which
we have p(t) = |G(t)|2.
Now, we assume that Alice and Bob share the initial
state of the form
ρAB(0) = q|ϕ〉〈ϕ|+ 1− q
4
I ⊗ I, (29)
with
|ϕ〉 = cos(θ
2
)|10〉+ sin(θ
2
)|01〉, (30)
where, 0 ≤ q ≤ 1. We note that this is a somewhat
general setting, where the initial state could be chosen to
be a pure or a mixed state. Hence, the dynamics of the
bipartite shared state ρAB(t) can be obtained as
ρAB(t) =
1∑
i=0
(I ⊗Ki(t))ρAB(0)(I ⊗Ki(t)†), (31)
Once we identified the density matrix ρAB(t), we can
proceed with investigating the steering of one of the par-
ties. According to section II, if Alice performs a mea-
surement on her qubit, Bob’s QSE shall be centered at
CB =(
0, 0,
cos(θ)[p− cos(θ) + p cos(θ)]q2 − p cos(θ)q − p+ 1
1− q2 cos2(θ)
)
,
(32)
and ellipsoid matrix of Bob shall read
QB =
q2p sin2(θ)
1− q2 cos2(θ) 0 0
0
q2p sin2(θ)
1− q2 cos2(θ) 0
0 0
q2p2(1− q cos2(θ))2
(1− q2 cos2(θ))2
 .
(33)
Therefore, the lengths of the semiaxes in x1, x2 and x3
directions, denoted respectively as s1, s2 and s3, are
s1 = s2 =
q
√
p sin(θ)√
1− q2 cos2(θ) ,
s3 =
qp(1− q cos2(θ))
1− q2 cos(θ)2 ,
(34)
and QSE of Bob, steered by Alice, reads
εB =

 CB(1)CB(2)
CB(3)
+
 s1x1s2x2
s3x3
 |x ≤ 1
 . (35)
As we addressed earlier, the length of the longest semi-
axes of Bob’s steered state ρMB can represent MSC, hence,
providing
MSC(ρMB ) = max{s1, s2, s3}. (36)
With these analyses, we present the dynamics of εB in
Figs. 2 & 3, for θ = pi/3 and θ = pi/8, respectively. In
both of these figures, green, red and the blue ellipsoid rep-
resents εB at t = 0, 0.8 and 1.6, respectively. Comparing
t = 0 and t = 0.8 ellipsoids (the green and the red ones),
the semiaxes lengths reduces and the ellipsoids shrink due
to decoherence and relaxation of the system. However,
the ellipsoids at t = 1.6 are larger compared to the ones
5FIG. 2. The dynamics of Bob’s quantum steering ellipsoid, εB , for q = 0.8 and θ = pi/3. (a) N = 1, (b) N = 3 and (c) N = 6.
The green ellipsoids depicts the initial εB , and the red and the blue ellipsoids represent εB at t = 0.8 an t = 1.6, respectively.
The parameters of the reservoir are fixed as λ = 1, γ0 = 8.
FIG. 3. The dynamics of Bob’s quantum steering ellipsoid, εB , for q = 0.8 and θ = pi/8. (a) N = 1, (b) N = 3 and (c) N = 6.
The green ellipsoids depicts the initial εB , and the red and the blue ellipsoids represent εB at t = 0.8 an t = 1.6, respectively.
The parameters of the reservoir are fixed as λ = 1, γ0 = 8.
at t = 0.8. This is due to the information back flow from
the reservoir to the system. According to Figs. 2 & 3,
adding auxiliary qubits increases semiaxes lengths of the
ellipsoids, thus, enhancing protection of the system. This
protection improves by increasing the number of auxil-
iary qubits and a full preservation of the system can be
attained at the limit of very large N (this is evident from
Eq. (26)). Furthermore, from Eq. (34) and comparing
Figs. 2 and 3, we find the the steered state is highly de-
pendant on θ. To further analyse the dependence of the
ellipsoid to θ, let us focus on the region 0 ≤ θ ≤ pi/2,
where the state |ϕ〉 in Eq. (30) changes from the sep-
arable state to the maximally entangled state. In this
region, the semiaxes lengths given by Eq. (34) are mono-
tonically increasing functions in terms of θ. Therefore,
lengths of the semiaxes are minimum for θ = 0 (which
are given by s1 = s2 = 0 and s3 = qp/(1 + q)), and
attain their maximum for θ = pi/2 (which are given by
s1 = s2 = q
√
p and s3 = qp). Note that, for q = 1 at
t = 0, the steered state ellipsoid reduces to Bloch sphere,
as expected. Thus, increasing 0 ≤ θ ≤ pi/2 enlarges the
ellipsoid, which could be visualized by comparing Figs.
2 and 3.
The dynamics of MSC corresponding to the parame-
ters specified in Figs. 2 & 3 are depicted in Figs. 4 &
5, respectively. Supporting our analyses above, the oscil-
latory dynamics of these figures show the flow and back
flow of information between the system and the reservoir.
Also, in the absence of auxiliary atoms (N = 1), the ellip-
soids disappear in the north pole when t is large enough
(see Fig. 2(a) and 3(a)). Hence, as depicted in Fig. 4 &
5, MSC approaches zero after some oscillatory dynamics.
However, adding the auxiliary qubits into the reservoir
inflates εB , enabling protection of the system (see Figs.
2-5). Therefore, as we observe from Figs. 4 & 5, the spe-
cific engineering of the reservoir through auxiliary qubits
can, in fact, protect MSC from decoherence.
To understand how auxiliary qubits assist protecting
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FIG. 4. The dynamics of MSC versus time with the initial
conditions q = 0.8 and θ = pi/3, for N = 1, 3 and 6. The
parameters of the reservoir are fixed as λ = 1, γ0 = 8.
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FIG. 5. The dynamics of MSC versus time with the initial
conditions q = 0.8 and θ = pi/8, for N = 1, 3 and 6. The
parameters of the reservoir are fixed as λ = 1, γ0 = 8.
QSE and MSC, we briefly elaborate on the connection
between the proposed scheme of this work and the no-
tion of decoherence-free subspace [21, 22]. As was shown
earlier, the initial state of the system can be considered
as |ψ(0)〉S = c0(0)|0〉S +C0(0)|ϕ0〉S for N = 1. However,
for N = 3 and N = 6 it could be expressed as |ψ(0)〉S =
c0(0)|0〉S + C0(0)|ϕ0〉S + C1(0)|ϕ1〉S + C2(0)|ϕ2〉S and
|ψ(0)〉S = c0(0)|0〉S + C0(0)|ϕ0〉S + ... + C5(0)|ϕ5〉S , re-
spectively. As was mentioned in section III, the in-
teraction of the system with the reservoir is only re-
stricted to the ground state |0〉S and the exited state
|ϕ0〉S , that leaves the bases {|ϕ1〉S , |ϕ2〉S} for N = 3
and {|ϕ1〉S , ..., |ϕ5〉S} for N = 6 uncoupled, which form
a decoherence-free subspace. However, the initial state
|ψ(0)〉S has a support on the these uncoupled bases,
and since the dimension of the decoherence-free subspace
becomes larger by increasing the number of the auxil-
iary atoms, the process protects MSC from decoherence.
When the number of auxiliary atoms is very large, the
decoherence-free subspace becomes sufficiently large such
that the initial state of the respective qubit belongs com-
pletely to this subspace and remains unchanged.
V. CONCLUSION
In this paper, we demonstrated that maximal steered
coherence could be protected by reservoir engineering,
enabling preservation of quantum steering ellipsoid. Our
reservoir was considered to be at zero temperature, hav-
ing Lorentzian spectral distribution. More specifically,
the MSC could protected in both Markovian and non-
Markovian scenarios, offering a powerful technique for
suppressing decoherence for information processing ap-
plication.
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